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1. Introduction

In reference [1] a quantum theory of free bosons and free fermions subject to an inter-

nal boundary condition (jump defect) preserving the integrability was considered. More

recently a classical Lagrangian approach was proposed for certain class of non linearly in-

teracting bosonic fields [2 – 4]. The authors have considered a class of systems described

by internal boundary conditions corresponding to Backlund transformations and showed

to preserve integrability. Such framework was generalized in [5] to include both bosons

and fermions interacting in a non linear manner. Specifically we have considered the super

sinh-Gordon model with N = 1. The border functions were constructed and shown to give

rise to Backlund transformations. The integrability of the system in the presence of this

kind of defect was considered in terms of zero curvature representation.

The N = 2 super sinh-Gordon model was proposed in [6, 7] using superfield formalism.

Much later, a systematic construction was developed from the algebraic formalism point

of view where the N = 2 super sinh-Gordon equations appears to be a member of an

integrable hierarchy [8, 9]. The description of integrability in terms of an affine algebraic

structure has provided a neat universal framework from which the dynamics, conservation

laws, soliton solutions, etc can be constructed and studied. Following the same line of

reasoning, supersymmetry transformation was also incorporated into the framework (see

e.g. [8, 9]) associated to half integer gradations.

The purpose of this paper is to extend the results obtained in [5] for the N = 2 super

sinh-Gordon model. In section 2 we discuss the Lagrangian formalism introducing the

jump defect in terms of the border functions. These are defined by a modified momentum

conservation which is consistent with the Backlund transfomation for the N = 2 super

sinh-Gordon. The presence of the defect require modification of the conserved energy
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of the system. In section 3 we extend the construction of Backlund transformation of

ref. [10] in terms of super fields to the N = 2 super sinh-Gordon. We also write down the

the Backlund transformation in components and obtain a one-soliton solution. These are

invariant under the N = 2 supersymmetry transformation. In section 4 we present the zero

curvature formulation in terms of an affine sl(2, 2) super Lie algebra. By introducing two

regions around the defect, we explicitly construct, in a closed form, a gauge group element

connection the Lax pair in the overlap region. This fact guarantees the existence of an

infinite set of conservation laws.

2. Lagrangian description

The starting point is the Lagrangian density describing the N = 2 super sinh-Gordon

theory with bosonic φ1, ϕ1 and fermionic ψ̄1, ψ1, χ̄1, χ1 fields in the region x < 0 and

corresponding φ2, ϕ2 and ψ̄2, ψ2, χ̄2, χ2 for x > 0,

Lp =
1

2
(∂xφp)

2 − 1

2
(∂tφp)

2 + 2ψ̄p∂tψ̄p + 2ψ̄p∂xψ̄p + 2ψp∂tψp − 2ψp∂xψp

−1

2
(∂xϕp)

2 +
1

2
(∂tϕp)

2 − 2χ̄p∂tχ̄p − 2χ̄p∂xχ̄p − 2χp∂tχp + 2χp∂xχp

−16(ψpψ̄p + χpχ̄p) coshϕp cosh φp − 4 cosh(2ϕp)

+16(ψpχ̄p + χpψ̄p) sinhϕp sinhφp + 4cosh(2φp), p = 1, 2. (2.1)

We shall now consider the system with a defect at the origin (x = 0) described by

L = θ(−x)L1 + θ(x)L2 + δ(x)LD (2.2)

where

LD = 1/2(φ2∂tφ1 − φ1∂tφ2) − 2ψ1ψ2 − 2ψ̄1ψ̄2 + ζ−1 ∂tζ
+
1

−1/2(ϕ2∂tϕ1 − ϕ1∂tϕ2) + 2χ1χ2 + 2χ̄1χ̄2 + ζ+
1 ∂tζ

−
1

+B0(φp, ϕp) +B1(φp, ϕp, ψp, χp, ψ̄p, χ̄p, ζ
−
1 , ζ

+
1 ). (2.3)

The boundary functions B = B0 + B1 describe the defect and ζ±1 are fermionic auxiliary

fields. Notice that they describe the effect of the jump defect on the fermionic fields

generalizing the N = 1 case [5] where one auxiliary field appears.

The equations of motion are

(∂2
x − ∂2

t )φp = 8sinh(2φp) − 16(ψpψ̄p + χpχ̄p)sinhφpcoshϕp

+16(ψpχ̄p + χpψ̄p)sinhϕpcoshφp

(∂2
x − ∂2

t )ϕp = 8sinh(2ϕp) + 16(ψpψ̄p + χpχ̄p)sinhϕpcoshφp

−16(ψpχ̄p + χpψ̄p)sinhφpcoshϕp

(∂x − ∂t)ψp = −4ψ̄pcoshφpcoshϕp + 4χ̄psinhφpsinhϕp

(∂x − ∂t)χp = −4ψ̄psinhφpsinhϕp + 4χ̄pcoshφpcoshϕp

(∂x + ∂t)ψ̄p = −4ψpcoshφpcoshϕp + 4χpsinhφpsinhϕp
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(∂x + ∂t)χ̄p = −4ψpsinhφpsinhϕp + 4χpcoshφpcoshϕp (2.4)

where p = 1, 2 corresponds to x < 0 or x > 0 respectively. These equations are invariant

under the supersymmetry transformation,

δ(φp ± ϕp) = 2(ψp ∓ χp)ǫ±,

δ(ψp ± χp) = −1/2(∂x + ∂t)(φp ∓ ϕp)ǫ±,

δ(ψ̄p ± χ̄p) = 2 sinh(φp ± ϕp)ǫ∓. (2.5)

where ǫ± are fermionic parameters. In x = 0 we have,

∂xφ1 − ∂tφ2 = −∂φ1B, ∂xφ2 − ∂tφ1 = ∂φ2B,

∂xϕ1 − ∂tϕ2 = ∂ϕ1B, ∂xϕ2 − ∂tϕ1 = −∂ϕ2B,

ψ1 − ψ2 = −1

2
∂ψ1B = −1

2
∂ψ2B χ1 − χ2 =

1

2
∂χ1B =

1

2
∂χ2B

ψ̄1 + ψ̄2 =
1

2
∂ψ̄1

B = −1

2
∂ψ̄2

B, χ̄1 + χ̄2 = −1

2
∂χ̄1B =

1

2
∂χ̄2B,

∂tζ
−
1 = −1

2
∂ζ+1

B, ∂tζ
+
1 = −1

2
∂ζ−1

B (2.6)

The canonical momentum P , given by

P =

∫ 0

−∞

(

∂xφ1∂tφ1 − 2ψ̄1∂xψ̄1 − 2ψ1∂xψ1 − ∂xϕ1∂tϕ1 + 2χ̄1∂xχ̄1 + 2χ1∂xχ1) dx

+

∫ ∞

0

(

∂xφ2∂tφ2 − 2ψ̄2∂xψ̄2 − 2ψ2∂xψ2 − ∂xϕ2∂tϕ2 + 2χ̄2∂xχ̄2 + 2χ2∂xχ2) dx

(2.7)

is not conserved in time due to the presence of the defect. Instead we find after making

use of the equations of motion,

Ṗ =

[

1

2
(∂tφ1)

2 − 1

2
(∂tϕ1)

2 +
1

2
(∂xφ1)

2 − 1

2
(∂xϕ1)

2 − 2ψ̄1∂tψ̄1 − 2ψ1∂tψ1

+2χ̄1∂tχ̄1 + 2χ1∂tχ1 − 4cosh(2φ1) + 4cosh(2ϕ1) + 16(ψ1ψ̄1 + χ1χ̄1)coshφ1coshϕ1

−16(ψ1χ̄1 + χ1ψ̄1)sinhφ1sinhϕ1

]

x=0

−
[

(1 → 2)

]

x=0

Factorizing B0 = B
(+)
0 + B

(−)
0 and B1 = B

(+)
1 + B

(−)
1 , where φ± = φ1 ± φ2, ϕ± =

ϕ1 ± ϕ2, · · · such that

B
(+)
0 = B

(+)
0 (φ+, ϕ+), B

(−)
0 = B

(−)
0 (φ−, ϕ−)

B
(+)
1 = B

(+)
1 (φ+, ϕ+, ψ+, χ+, ζ

−
1 , ζ

+
1 ), B

(−)
1 = B

(−)
1 (φ−, ϕ−, ψ̄−, χ̄−, ζ

−
1 , ζ

+
1 ) (2.8)

and using eqs. (2.6), we define the modified momentum

P = P +

[

B
(+)
0 −B

(−)
0 +B

(+)
1 −B

(−)
1 + 2ψ̄1ψ̄2 − 2ψ1ψ2 − 2χ̄1χ̄2 + 2χ1χ2

]

|x=0 (2.9)
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which is conserved in time provided the border functions B0 and B1 satisfy

∂φ+B
(+)
0 ∂φ

−

B
(−)
0 − ∂ϕ+B

(+)
0 ∂ϕ

−

B
(−)
0 = 4 sinhφ+ sinhφ− − 4 sinhϕ+ sinhϕ− (2.10)

and

∂φ+B
(+)
0 ∂φ

−

B
(−)
1 + ∂φ

−

B
(−)
0 ∂φ+B

(+)
1 − ∂ϕ+B

(+)
0 ∂ϕ

−

B
(−)
1 − ∂ϕ

−

B
(−)
0 ∂ϕ+B

(+)
1

+∂φ+B
(+)
1 ∂φ

−

B
(−)
1 − ∂ϕ+B

(+)
1 ∂ϕ

−

B
(−)
1 − 1

2
(∂ζ−1

B
(−)
1 ∂ζ+1

B
(+)
1 + ∂ζ+1

B
(−)
1 ∂ζ−1

B
(+)
1 )

= −2(ψ+ψ̄+ + ψ−ψ̄− + χ+χ̄+ + χ−χ̄−)Λ− − 2(ψ+ψ̄− + ψ−ψ̄+ + χ+χ̄− + χ−χ̄+)Λ+

+2(ψ+χ̄+ + ψ−χ̄− + χ+ψ̄+ + χ−ψ̄−)∆− + 2(ψ+χ̄− + ψ−χ̄+ + χ+ψ̄− + χ−ψ̄+)∆+

(2.11)

where

Λ± = cosh

(

φ+ + φ−
2

)

cosh

(

ϕ+ + ϕ−

2

)

± cosh

(

φ+ − φ−
2

)

cosh

(

ϕ+ − ϕ−

2

)

,

∆± = sinh

(

φ+ + φ−
2

)

sinh

(

ϕ+ + ϕ−

2

)

± sinh

(

φ+ − φ−
2

)

sinh

(

ϕ+ − ϕ−

2

)

, (2.12)

The energy of the system with the defect is given by

E =

∫ 0

−∞

dxH1 +

∫ ∞

0
dxH2,

where

Hp =

[

1

2
(∂xφp)

2 +
1

2
(∂tφp)

2 − 1

2
(∂xϕp)

2 − 1

2
(∂tϕp)

2 − 2ψp∂xψp + 2ψ̄p∂xψ̄p (2.13)

+2χp∂xχp − 2χ̄p∂xχ̄p − 16(ψpψ̄p + χpχ̄p)coshϕp coshφp

+16(ψpχ̄p + χpψ̄p)sinhϕp sinhφp + 4cosh(2φp) − 4cosh(2ϕp)

]

, p = 1, 2

It follows after using the equations of motion (2.4) that

dE

dt
=
[

∂xφ1∂tφ1 − ∂xϕ1∂tϕ1 − 2ψ1∂tψ1 + 2ψ̄1∂tψ̄1 + 2χ1∂tχ1 − 2χ̄1∂tχ̄1

]

x=0

−
[

∂xφ2∂tφ2 − ∂xϕ2∂tϕ2 − 2ψ2∂tψ2 + 2ψ̄2∂tψ̄2 + 2χ2∂tχ2 − 2χ̄2∂tχ̄2

]

x=0
.

Inserting the Backlund transformation (2.6) we can define the modified conserved energy,

E = E + [B − 2ψ1ψ2 + 2χ1χ2 − 2ψ̄1ψ̄2 + 2χ̄1χ̄2]|x=0, (2.14)

where B = B
(+)
0 +B

(−)
0 +B

(+)
1 +B

(−)
1 .

Equation (2.10) has the following solution

B
(+)
0 = B

(+)
0 (φ+, ϕ+) =

2β3

β2
(cosh φ+ − coshϕ+) ,

B
(−)
0 = B

(−)
0 (φ−, ϕ−) =

2β2

β3
(cosh φ− − coshϕ−) . (2.15)
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The solution of (2.11) is verified for

B
(+)
1 =

i√
2
ζ−1

(

−β3(ψ+ − χ+) cosh
1

2
(φ+ + ϕ+)

)

+
i√
2
ζ+
1

β1

β3

(

−β3(ψ+ + χ+) cosh
1

2
(φ+ − ϕ+)

)

, (2.16)

B
(−)
1 =

i√
2
ζ−1

(

β2(ψ̄− + χ̄−) cosh
1

2
(φ− − ϕ−)

)

+
i√
2
ζ+
1

β1

β3

(

β2(ψ̄− − χ̄−) cosh
1

2
(φ− + ϕ−)

)

(2.17)

where β1, β2 and β3 are arbitrary constants.

The solution given above also verify the following identities

(∂φ+B
(+)
0 ∂φ

−

B
(−)
1 + ∂φ

−

B
(−)
0 ∂φ+B

(+)
1 ) − (∂ϕ+B

(+)
0 ∂ϕ

−

B
(−)
1 + ∂ϕ

−

B
(−)
0 ∂ϕ+B

(+)
1 ) (2.18)

= −2(ψ+ψ̄+ + ψ−ψ̄− + χ+χ̄+ + χ−χ̄−)Λ− + 2(ψ+χ̄+ + ψ−χ̄− + χ+ψ̄+ + χ−ψ̄−)∆−

1

2
(∂ζ−1

B
(−)
1 ∂ζ+1

B
(+)
1 +∂ζ+1

B
(−)
1 ∂ζ−1

B
(+)
1 ) = 2(ψ+ψ̄−+χ+χ̄−)Λ+−2(ψ+χ̄−+χ+ψ̄−)∆+

(2.19)

(∂φ+B
(+)
1 ∂φ

−

B
(−)
1 − ∂ϕ+B

(+)
1 ∂ϕ

−

B
(−)
1 ) = 0 (2.20)

(ψ−ψ̄+ + χ−χ̄+)Λ+ − (ψ−χ̄+ + χ−ψ̄+)∆+ = 0 (2.21)

In analogy with ref. [5] where we have dealt with the N = 1 case, the space derivatives

of ζ±1 , i.e. ∂xζ
±
1 can be obtained by requiring compatibility of eqs. (2.6) with (2.4) with B

given by (2.15)–(2.17). Explicit expressions are given in (3.25) and (3.26) in consistency

with the Backlund transformation where the auxiliary fields ζ±1 appear in a natural manner.

3. Backlund transformation — One-soliton solution

Introducing

∂z =
1

2
(∂x + ∂t), ∂z̄ =

1

2
(∂t − ∂x), z = x+ t, z̄ = t− x (3.1)

we define, according to ref. [7], the super fields

Υ+ = η+(z+, z̄+) + θ+ψ−(z+, z̄+) + θ̄+ψ̄−(z+, z̄+) + θ+θ̄+F+(z+, z̄+)

Υ− = η−(z−, z̄−) + θ−ψ+(z−, z̄−) + θ̄−ψ̄+(z−, z̄−) + θ−θ̄−F−(z−, z̄−)

where

z± = z ± 1

2
θ+θ− z̄± = z̄ ± 1

2
θ̄+θ̄−

and the super derivatives

D+ =
∂

∂θ+
+

1

2
θ−∂z, D̄+ =

∂

∂θ̄+
+

1

2
θ̄−∂z̄,

D− =
∂

∂θ−
+

1

2
θ+∂z, D̄− =

∂

∂θ̄−
+

1

2
θ̄+∂z̄,

– 5 –
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The equations of motion are then given by [7]

D̄+D+Υ+ = g sinΥ−, D̄−D−Υ− = g sinΥ+ (3.2)

where g is a constant. In components we find for the first equation (3.2)

F+ = g sinη− ∂z̄ψ
− = g cosη−ψ̄+

∂zψ̄
− = −g cosη−ψ+ ∂z∂z̄η

+ = −g cosη−F− − g sinη−ψ+ψ̄+

while for the second equation (3.2) we have

F− = g sinη+ ∂z̄ψ
+ = g cosη+ψ̄−

∂zψ̄
+ = −g cosη+ψ− ∂z∂z̄η

− = −g cosη+F+ − g sinη+ψ−ψ̄−

The superfields Υ+ e Υ− are chiral and satisfy

D̄+Υ− = D+Υ− = 0, D̄−Υ+ = D−Υ+ = 0 (3.3)

Extending the procedure given in [10], we propose for the first eq. (3.2) the following

Backund transformation

D+Υ+
1 = D+Υ+

2 + β1F1cos

(

Υ−
1 + Υ−

2

2

)

(3.4)

D̄+Υ+
1 = −D̄+Υ+

2 + β2F2cos

(

Υ−
1 − Υ−

2

2

)

(3.5)

where F1 and F2 are auxiliary fermionic superfields, β1 and β2 are arbitrary constants.

From

(D̄+D+ +D+D̄+)Υ+
1 = 0 (3.6)

we obtain

D̄+D+Υ+
2 = g sinΥ−

2 (3.7)

if the auxiliary superfields F1 and F2 satisfy

D̄+F1 =
2g

β1
sin

(

Υ−
1 − Υ−

2

2

)

D+F2 = −2g

β2
sin

(

Υ−
1 + Υ−

2

2

)

(3.8)

For the second equation (3.2) consider the following transformations

D−Υ−
1 = D−Υ−

2 + β3G1cos

(

Υ+
1 + Υ+

2

2

)

(3.9)

D̄−Υ−
1 = −D̄−Υ−

2 + β4G2cos

(

Υ+
1 − Υ+

2

2

)

(3.10)

where G1 and G2 are auxiliary fermionic superfields and β3 and β4 are arbitrary constants.

Similarly, from

(D̄−D− +D−D̄−)Υ−
1 = 0 (3.11)
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we obtain the second equation

D̄−D−Υ−
2 = g sinΥ+

2

provided G1 and G2 satisfy the following conditions

D̄−G1 =
2g

β3
sin

(

Υ+
1 − Υ+

2

2

)

D−G2 = −2g

β4
sin

(

Υ+
1 + Υ+

2

2

)

(3.12)

In the appendix A we derive further compatibility relations involving the Fermionic

auxiliary superfields. These are written explicitly in components and provide algebraic

relations like (A.7) also.

Choosing g = 2, redefining fields

η±p → i(φp ± ϕp), ψ±
p → i

√
2(ψp ± χp), ψ̄±

p → i
√

2(ψ̄p±χ̄p), p = 1, 2. (3.13)

and denoting

Φ(±)
s = φs ± ϕs, Ψ(±)

s = ψs ± χs, Ψ̄(±)
s = ψ̄s ± χ̄s, s = ± (3.14)

where φ± = φ1 ± φ2, ϕ± = ϕ1 ±ϕ2, ψ± = ψ1 ±ψ2, χ± = χ1 ±χ2, · · · In components

the Backlund transformation reads

∂xφ1 − ∂tφ2 =
i

2
√

2
ζ−1

[

−β2 sinh

(

Φ
(−)
−

2

)

Ψ̄
(+)
− + β3 sinh

(

Φ
(+)
+

2

)

Ψ
(−)
+

]

+
i

2
√

2

β1

β3
ζ+
1

[

−β2 sinh

(

Φ
(+)
−

2

)

Ψ̄
(−)
− + β3 sinh

(

Φ
(−)
+

2

)

Ψ
(+)
+

]

−2β2

β3
sinh(φ1 − φ2) −

2β3

β2
sinh(φ1 + φ2) (3.15)

∂xφ2 − ∂tφ1 =
i

2
√

2
ζ−1

[

−β2 sinh

(

Φ
(−)
−

2

)

Ψ̄
(+)
− − β3 sinh

(

Φ
(+)
+

2

)

Ψ
(−)
+

]

+
i

2
√

2

β1

β3
ζ+
1

[

−β2 sinh

(

Φ
(+)
−

2

)

Ψ̄
(−)
− − β3 sinh

(

Φ
(−)
+

2

)

Ψ
(+)
+

]

−2β2

β3
sinh(φ1 − φ2) +

2β3

β2
sinh(φ1 + φ2) (3.16)

∂xϕ1 − ∂tϕ2 =
i

2
√

2
ζ−1

[

−β2 sinh

(

Φ
(−)
−

2

)

Ψ̄
(+)
− − β3 sinh

(

Φ
(+)
+

2

)

Ψ
(−)
+

]

+
i

2
√

2

β1

β3
ζ+
1

[

β2 sinh

(

Φ
(+)
−

2

)

Ψ̄
(−)
− + β3 sinh

(

Φ
(−)
+

2

)

Ψ
(+)
+

]

−2β2

β3
sinh(ϕ1 − ϕ2) −

2β3

β2
sinh(ϕ1 + ϕ2) (3.17)

∂xϕ2 − ∂tϕ1 =
i

2
√

2
ζ−1

[

−β2 sinh

(

Φ
(−)
−

2

)

Ψ̄
(+)
− + β3 sinh

(

Φ
(+)
+

2

)

Ψ
(−)
+

]
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+
i

2
√

2

β1

β3
ζ+
1

[

β2 sinh

(

Φ
(+)
−

2

)

Ψ̄
(−)
− − β3 sinh

(

Φ
(−)
+

2

)

Ψ
(+)
+

]

−2β2

β3
sinh(ϕ1 − ϕ2) +

2β3

β2
sinh(ϕ1 + ϕ2) (3.18)

ψ1 − ψ2 = − i

2
√

2
β3ζ

−
1 cosh

(

Φ
(+)
+

2

)

− i

2
√

2
β1ζ

+
1 cosh

(

Φ
(−)
+

2

)

(3.19)

χ1 − χ2 = − i

2
√

2
β3ζ

−
1 cosh

(

Φ
(+)
+

2

)

+
i

2
√

2
β1ζ

+
1 cosh

(

Φ
(−)
+

2

)

(3.20)

ψ̄1 + ψ̄2 = − i

2
√

2
β2ζ

−
1 cosh

(

Φ
(−)
−

2

)

− i

2
√

2
β1
β2

β3
ζ+
1 cosh

(

Φ
(+)
−

2

)

(3.21)

χ̄1 + χ̄2 =
i

2
√

2
β2ζ

−
1 cosh

(

Φ
(−)
−

2

)

− i

2
√

2
β1
β2

β3
ζ+
1 cosh

(

Φ
(+)
−

2

)

(3.22)

∂tζ
+
1 = −i2

√
2
β3

β1β2
cosh

(

Φ
(+)
+

2

)

Ψ
(−)
+ + i

2
√

2

β1
cosh

(

Φ
(−)
−

2

)

Ψ̄
(+)
− (3.23)

∂tζ
−
1 = −i2

√
2

β2
cosh

(

Φ
(−)
+

2

)

Ψ
(+)
+ + i

2
√

2

β3
cosh

(

Φ
(+)
−

2

)

Ψ̄
(−)
− (3.24)

∂xζ
+
1 = −i2

√
2
β3

β1β2
cosh

(

Φ
(+)
+

2

)

Ψ
(−)
+ − i

2
√

2

β1
cosh

(

Φ
(−)
−

2

)

Ψ̄
(+)
− (3.25)

∂xζ
−
1 = −i2

√
2

β2
cosh

(

Φ
(−)
+

2

)

Ψ
(+)
+ − i

2
√

2

β3
cosh

(

Φ
(+)
−

2

)

Ψ̄
(−)
− (3.26)

Notice that the above Backlund transformation can be re-obtained from the equations

of motion (2.6) with B given by (2.15), (2.16) and (2.17)1, that is

B =
i√
2
ζ−1

[

β2 cosh

(

Φ
(−)
−

2

)

Ψ̄
(+)
− − β3 cosh

(

Φ
(+)
+

2

)

Ψ
(−)
+

]

+
i√
2

β1

β3
ζ+
1

[

β2 cosh

(

Φ
(+)
−

2

)

Ψ̄
(−)
− − β3 cosh

(

Φ
(−)
+

2

)

Ψ
(+)
+

]

+
2β2

β3
cosh(φ1 − φ2) +

2β3

β2
cosh(φ1 + φ2)

−2β2

β3
cosh(ϕ1 − ϕ2) −

2β3

β2
cosh(ϕ1 + ϕ2) (3.27)

The above Backlund equations are also invariant under N = 2 supersymmetry transfor-

mation (2.5). In order to obtain the one-soliton solution let us consider φ2 = ϕ2 = ψ2 =

χ2 · · · = 0. Since the one-soliton solution contains only one Grassmann parameter the

product of any two Fermi fields vanish and hence the Backlund equations reduce to a set

1The compatibility of eq. (2.6) with (3.24) require β1β2 = −8
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of two decoupled bosonic sinh-Gordon for φ1 and ϕ1. In this case we have

∂tζ
±
1 = λ−(coshφ1 + coshϕ1)ζ

±
1 ∂xζ

±
1 = −λ+(coshφ1 + coshϕ1)ζ

±
1 (3.28)

where λ± =
(

β2

β3
± β3

β2

)

. Knowing φ1 and ϕ1 we can integrate (3.28) to construct the

auxiliary fields ζ±1 and hence the fermionic fields ψ1, χ1, · · · .
The solution for φ1 and ϕ1 is then

φ1 = ϕ1 = ln

(

1 + 1
2b1ρ1

1 − 1
2b1ρ1

)

where b1 is an arbitrary constant and

ρ1 = e2(γ1+γ−1
1 )x+2(γ1−γ

−1
1 )t

The above solution satisfy the equation

(∂2
x − ∂2

t )φ1 = 8 sinh(2φ1)

Integrating (3.28) for ζ±1 and parametrizing

β3 = −γ1β2, β2 = i2
√

2

we obtain the following solution

ζ−1 =
c1γ1ρ1

1 − 1
4b

2
1ρ

2
1

, ζ+
1 = γ1ζ

−
1

ψ̄1 = (1 − coshφ1)ζ
−
1 , ψ1 = γ1ψ̄1

χ̄1 = −(1 + coshφ1)ζ
−
1 , χ1 = γ1χ̄1

where c1 is a Grassmann constant. Using the above equations together with the eqs. of

motion for the fermions we find

γ1(∂x − ∂t)ψ̄1 = −4ψ̄1cosh
2φ1 + 4χ̄1sinh2φ1

γ1(∂x − ∂t)χ̄1 = −4ψ̄1sinh2φ1 + 4χ̄1cosh
2φ1

1

γ1
(∂x + ∂t)ψ̄1 = −4ψ̄1cosh

2φ1 + 4χ̄1sinh2φ1

1

γ1
(∂x + ∂t)χ̄1 = −4ψ̄1sinh2φ1 + 4χ̄1cosh

2φ1

from where one can verify

γ1(∂x − ∂t)ψ̄1 =
1

γ1
(∂x + ∂t)ψ̄1

γ1(∂x − ∂t)χ̄1 =
1

γ1
(∂x + ∂t)χ̄1

– 9 –
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4. Zero curvature formulation

In this section we introduce the Lax pair for the N = 2 super sinh-Gordon model in

terms of generators of the affine sl(2, 2) super Lie algebra (see section 3 of ref. [9] for

explicit structure of generators). The Lie super algebra sl(2, 2) is specified by the following

Bosonic, α1, α3 and Fermionic, α2 simple roots

α1 = e1 − e2, α3 = f1 − f2 and α2 = e2 − f1, ei · ej = −fi · fj = δij (4.1)

respectively.

The Lax pair for the system described by eq. of motion (2.4) is given by

A(p)
x = −1

2
∂tφph1 −

1

2
∂tϕph3 + V

(p)
− A

(p)
t = −1

2
∂xφph1 −

1

2
∂xϕph3 + V

(p)
+ (4.2)

where

V
(p)
± =

(

−e−φp ± 1

λ
eφp

)

Eα1 + (−λeφp ± e−φp)E−α1

+(−λe−ϕp ± eϕp)Eα3 +

(

−eϕp ± 1

λ
e−ϕp

)

E−α3 + (−λ1/2 ± λ−1/2)I

+i
[

−e− 1
2
(φp−ϕp)(ψp + χp)λ

−1/4 ∓ e
1
2
(φp−ϕp)(ψ̄p + χ̄p)λ

−3/4
]

Eα1+α2

+i
[

−e 1
2
(φp−ϕp)(ψp + χp)λ

3/4 ± e−
1
2
(φp−ϕp)(ψ̄p + χ̄p)λ

1/4
]

E−α1−α2

+i
[

e
1
2
(φp−ϕp)(ψp + χp)λ

3/4 ± e−
1
2
(φp−ϕp)(ψ̄p + χ̄p)λ

1/4
]

Eα2+α3

+i
[

e−
1
2
(φp−ϕp)(ψp + χp)λ

−1/4 ∓ e
1
2
(φp−ϕp)(ψ̄p + χ̄p)λ

−3/4
]

E−α2−α3

+i
[

−e− 1
2
(φp+ϕp)(ψp − χp)λ

1/4 ∓ e
1
2
(φp+ϕp)(ψ̄p − χ̄p)λ

−1/4
]

Eα1+α2+α3

+i
[

−e 1
2
(φp+ϕp)(ψp − χp)λ

1/4 ± e−
1
2
(φp+ϕp)(ψ̄p − χ̄p)λ

−1/4
]

E−α1−α2−α3

+i
[

e
1
2
(φp+ϕp)(ψp − χp)λ

1/4 ± e−
1
2
(φp+ϕp)(ψ̄p − χ̄p)λ

−1/4
]

Eα2

+i
[

e−
1
2
(φp+ϕp)(ψp − χp)λ

1/4 ∓ e
1
2
(φp+ϕp)(ψ̄p − χ̄p)λ

−1/4
]

E−α2

Here hi = αi · H, i = 1, 2, 3 are the Cartan subalgebra generators, I = h1 + 2h2 + h3 is

the identity matrix and Eα denote the step operators. Notice that those step operators

associated to a root α containing the simple root α2 are fermionic in nature whilst the

remaining are bosonic.

In order to describe the integrability of the system we follow [4] and split the space

into two overlapping regions, namely, x ≤ b and x ≥ a with a < b. Inside the overlap

region, i.e., a ≤ x ≤ b introduce the following modified Lax pair

Â
(1)
t = A

(1)
t +

1

2
θ(x− a)

[

(∂xφ1 − ∂tφ2 + ∂φ1B)h1 + (∂xϕ1 − ∂tϕ2 − ∂ϕ1B)h3

+(ψ1 − ψ2 +
1

2
∂ψ1B)Eα2 + (χ1 − χ2 −

1

2
∂χ1B)Eα2+α3

– 10 –
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+

(

∂tζ
+
1 +

1

2
∂ζ−1

B

)

Eα1+α2 + (∂tζ
−
1 +

1

2
∂ζ+1

B)Eα1+α2+α3

]

Â(1)
x = θ(a− x)A(1)

x

Â
(2)
t = A

(2)
t +

1

2
θ(b− x)

[

(∂xφ2 − ∂tφ1 − ∂φ2B)h1 + (∂xϕ2 − ∂tϕ1 + ∂ϕ2B)h3

+

(

ψ̄1 + ψ̄2 −
1

2
∂ψ̄1

B

)

E−α2 +

(

χ̄1 + χ̄2 +
1

2
∂χ̄1B

)

E−α2−α3

+

(

∂tζ
+
1 +

1

2
∂ζ−1

B

)

E−α1−α2 +

(

∂tζ
−
1 +

1

2
∂ζ+1

B

)

E−α1−α2−α3

]

Â(2)
x = θ(x− b)A(2)

x

Within the overlap region the Lax pair denoted by suffices p = 1, 2 are related by gauge

transformation,

∂tK = KÂ
(2)
t − Â

(1)
t K.

Decomposing K into

K = e
1
2
φ2h1+

1
2
ϕ2h3K̄e−

1
2
φ1h1−

1
2
ϕ1h3 (4.3)

we have

(∂φ1Bh1 − ∂ϕ1Bh3)K̄ + K̄(∂φ2Bh1 − ∂ϕ2Bh3) = 2K̄M − 2NK̄ − 2∂tK̄

where

M = e−
1
2
φ1h1−

1
2
ϕ1h3V

(2)
+ e

1
2
φ1h1+ 1

2
ϕ1h3

N = e−
1
2
φ2h1−

1
2
ϕ2h3V

(1)
+ e

1
2
φ2h1+ 1

2
ϕ2h3 (4.4)

which are explicitly displayed in the appendix. The solution for K̄ is then given in the

closed form

K̄ = CI − β3

β2
C(λ−1Eα1 + E−α1 + Eα3 + λ−1E−α3)

−C

β2
2
√

2λ−3/4ζ+
1 (Eα1+α2 − λE−α1−α2 − λEα2+α3 + E−α2−α3)

+
C

2
√

2
β3λ

−1/4ζ−1 (−Eα2 + E−α2 + Eα1+α2+α3 − E−α1−α2−α3) (4.5)

and C is an arbitrary constant. The existence of the gauge transformation (4.5) provides

a generating function for an infinite set of constants of motion (see [3]) strongly indicating

the integrability of the system.

The existence of Backlund transformations for bosonic and fermionic systems provide

an interesting class of integrable models whose mathematical structure deserves further

investigation. For instance its bi-hamiltonian properties (see for instance [14]).

The study of the quantum bosonic sinh-Gordon model with defects was explored in [12,

13]. The extension for the N = 1 and N = 2 super sinh-Gordon model with jump defects

is also of interest.

These problems are under investigation.
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A. Backlund transformation for N = 2 super sinh-Gordon

Consider the fermionic superfields F1, F2 and G1, G2 introduced in (3.4)–(3.5) and in (3.9)–

(3.10) respectively written as

F1 = D+(Ξ+
1 ), F2 = D̄+(Ξ+

2 ) G1 = D−(Ξ−
1 ), G2 = D̄−(Ξ−

2 )

where

Ξ±
1 = q±1 (z±, z̄±) + θ±ζ±1 (z±, z̄±) + θ̄±ζ±2 (z±, z̄±) + θ±θ̄±q±2 (z±, z̄±)

Ξ±
2 = p±1 (z±, z̄±) + θ±ξ±1 (z±, z̄±) + θ̄±ξ±2 (z±, z̄±) + θ±θ̄±p±2 (z±, z̄±)

are chiral superfields. In components we find

D̄+F1 =
2g

β1
sin

(

Υ−
1 − Υ−

2

2

)

⇓

q+2 =
2g

β1
sin

(

η
(−)
−

2

)

, ∂z̄ζ
+
1 =

g

β1
cos

(

η
(−)
−

2

)

ψ̄
(+)
− , ∂zζ

+
2 = − g

β1
cos

(

η
(−)
−

2

)

ψ
(+)
− ,

∂z̄∂zq
+
1 = − g

β1
cos

(

η
(−)
−

2

)

F
(−)
− − g

2β1
sin

(

η
(−)
−

2

)

ψ
(+)
− ψ̄

(+)
− (A.1)

where we denote η
(−)
± = η−1 ± η−2 , η

(+)
± = η+

1 ± η+
2 , similarly for the other fields.

D+F2 = −2g

β2
sin

(

Υ−
1 + Υ−

2

2

)

⇓

p+
2 =

2g

β2
sin

(

η
(−)
+

2

)

, ∂z̄ξ
+
1 =

g

β2
cos

(

η
(−)
+

2

)

ψ̄
(+)
+ , ∂zξ

+
2 = − g

β2
cos

(

η
(−)
+

2

)

ψ
(+)
+

∂z̄∂zp
+
1 = − g

β2
cos

(

η
(−)
+

2

)

F
(−)
+ − g

2β2
sin

(

η
(−)
+

2

)

ψ
(+)
+ ψ̄

(+)
+

D̄−G1 =
2g

β3
sin

(

Υ+
1 − Υ+

2

2

)

⇓

q−2 =
2g

β3
sin

(

η
(+)
−

2

)

, ∂z̄ζ
−
1 =

g

β3
cos

(

η
(+)
−

2

)

ψ̄
(−)
− , ∂zζ

−
2 = − g

β3
cos

(

η
(+)
−

2

)

ψ
(−)
−

∂z̄∂zq
−
1 = − g

β3
cos

(

η
(+)
−

2

)

F
(+)
− − g

2β3
sin

(

η
(+)
−

2

)

ψ
(−)
− ψ̄

(−)
−

– 12 –
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D−G2 = −2g

β4
sin

(

Υ+
1 + Υ+

2

2

)

⇓

p−2 =
2g

β4
sin

(

η
(+)
+

2

)

, ∂z̄ξ
−
1 =

g

β4
cos

(

η
(+)
+

2

)

ψ̄
(−)
+ , ∂zξ

−
2 = − g

β4
cos

(

η
(+)
+

2

)

ψ
(−)
+

∂z̄∂zp
−
1 = − g

β4
cos

(

η
(+)
+

2

)

F
(+)
+ − g

2β4
sin

(

η
(+)
+

2

)

ψ
(−)
+ ψ̄

(−)
+ (A.2)

D+Υ+
1 = D+Υ+

2 + β1F1cos

(

Υ−
1 + Υ−

2

2

)

⇓

ψ
(−)
− = β1ζ

+
1 cos

(

η
(−)
+

2

)

, ∂zη
(+)
− =

β1

2
sin

(

η
(−)
+

2

)

ζ+
1 ψ

(+)
+ + β1∂zq

+
1 cos

(

η
(−)
+

2

)

F
(+)
− = β1q

+
2 cos

(

η
(−)
+

2

)

D̄+Υ+
1 = −D̄+Υ+

2 + β2F2cos

(

Υ−
1 − Υ−

2

2

)

⇓

ψ̄
(−)
+ = β2ξ

+
2 cos

(

η
(−)
−

2

)

, ∂z̄η
(+)
+ =

β2

2
sin

(

η
(−)
−

2

)

ξ+2 ψ̄
(+)
− + β2∂z̄p

+
1 cos

(

η
(−)
−

2

)

F
(+)
+ = β2p

+
2 cos

(

η
(−)
−

2

)

D−Υ−
1 = D−Υ−

2 + β3G1cos

(

Υ+
1 + Υ+

2

2

)

⇓

ψ
(+)
− = β3ζ

−
1 cos

(

η
(+)
+

2

)

, ∂zη
(−)
− =

β3

2
sin

(

η
(+)
+

2

)

ζ−1 ψ
(−)
+ + β3∂zq

−
1 cos

(

η
(+)
+

2

)

F
(−)
− = β3q

−
2 cos

(

η
(+)
+

2

)

– 13 –
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D̄−Υ−
1 = −D̄−Υ−

2 + β4G2cos

(

Υ+
1 − Υ+

2

2

)

⇓

ψ̄
(+)
+ = β4ξ

−
2 cos

(

η
(+)
−

2

)

, ∂z̄η
(−)
+ =

β4

2
sin

(

η
(+)
−

2

)

ξ−2 ψ̄
(−)
− + β4∂z̄p

−
1 cos

(

η
(+)
−

2

)

F
(−)
+ = β4p

−
2 cos

(

η
(+)
−

2

)

Acting D̄− in eq. (3.4) and using eq. (3.10), we obtain

F1G2 = 0

which is satisfied when

ζ+
1 = ξ−2 , q+2 = ∂z̄p

−
1 , p−2 = −∂zq+1 , ∂zζ

+
2 = −∂z̄ξ−1 (A.3)

Similarly, acting with D− in eq. (3.5) and making use of eq. (3.9),we obtain

F2G1 = 0

which is satisfied when

ζ−1 = ξ+2 , p+
2 = −∂zq−1 , q−2 = ∂z̄p

+
1 , ∂zζ

−
2 = −∂z̄ξ+1 (A.4)

Making use of eq. (A.3) and (A.1), we find

∂z̄∂zq
+
1 = −∂z̄p−2 = − g

β1
cos

(

η
(−)
−

2

)

F
(−)
− − g

2β1
sin

(

η
(−)
−

2

)

ψ
(+)
− ψ̄

(+)
− (A.5)

Acting ∂z̄ in the first eq. (A.2) we obtain

∂z̄p
−
2 =

2g

β4
∂z̄

[

sin

(

η
(+)
+

2

)]

(A.6)

In order to (A.5) be compatible with (A.6), it is necessary that

β1β2 = β3β4 (A.7)

B. Explicit expressions for M and N

Here we give detailed expression for M and N of eq. (4.4)

M = a−Eα1 + b+E−α1 + c−Eα3 + d+E−α3 + λ+I

−α(2)
+ Eα1+α2 − β

(2)
− E−α1−α2 + β

(2)
+ Eα2+α3 + α

(2)
− E−α2−α3

−γ(2)
+ Eα1+α2+α3 − δ

(2)
− E−α1−α2−α3 + δ

(2)
+ Eα2 + γ

(2)
− E−α2

N = a+Eα1 + b−E−α1 + c+Eα3 + d−E−α3 + λ+I
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−α(1)
+ Eα1+α2 − β

(1)
− E−α1−α2 + β

(1)
+ Eα2+α3 + α

(1)
− E−α2−α3

−γ(1)
+ Eα1+α2+α3 − δ

(1)
− E−α1−α2−α3 + δ

(1)
+ Eα2 + γ

(1)
− E−α2

where

a− = (−e−φ+ + λ−1e−φ−), b+ = (−λeφ+ + eφ−),

c− = (−λe−ϕ+ + e−ϕ−), d+ = (−eϕ+ + λ−1eϕ−),

α
(2)
± = i

[

e−
1
2
φ

(−)
+ (ψ2 + χ2)λ

−1/4 ± e−
1
2
φ

(−)
− (ψ̄2 + χ̄2)λ

−3/4
]

β
(2)
± = i

[

e
1
2
φ

(−)
+ (ψ2 + χ2)λ

3/4 ± e
1
2
φ

(−)
− (ψ̄2 + χ̄2)λ

1/4
]

γ
(2)
± = i

[

e−
1
2
φ

(+)
+ (ψ2 − χ2)λ

1/4 ± e−
1
2
φ

(+)
− (ψ̄2 − χ̄2)λ

−1/4
]

δ
(2)
± = i

[

e
1
2
φ

(+)
+ (ψ2 − χ2)λ

1/4 ± e
1
2
φ

(+)
− (ψ̄2 − χ̄2)λ

−1/4
]

λ± = (−λ1/2 ± λ−1/2)

and

a+ = (−e−φ+ + λ−1eφ−), b− = (−λeφ+ + e−φ−)

c+ = (−λe−ϕ+ + eϕ−), d− = (−eϕ+ + λ−1e−ϕ−),

α
(1)
± = i

[

e−
1
2
φ

(−)
+ (ψ1 + χ1)λ

−1/4 ± e
1
2
φ

(−)
− (ψ̄1 + χ̄1)λ

−3/4
]

β
(1)
± = i

[

e
1
2
φ

(−)
+ (ψ1 + χ1)λ

3/4 ± e−
1
2
φ

(−)
− (ψ̄1 + χ̄1)λ

1/4
]

γ
(1)
± = i

[

e−
1
2
φ

(+)
+ (ψ1 − χ1)λ

1/4 ± e
1
2
φ

(+)
− (ψ̄1 − χ̄1)λ

−1/4
]

δ
(1)
± = i

[

e
1
2
φ

(+)
+ (ψ1 − χ1)λ

1/4 ± e−
1
2
φ

(+)
− (ψ̄1 − χ̄1)λ

−1/4
]

Acknowledgments

LHY acknowledges support from Fapesp, JFG and AHZ thank CNPq for partial support.

References

[1] G. Delfino, G. Mussardo and P. Simonetti, Scattering theory and correlation functions in

statistical models with a line of defect, Nucl. Phys. B 432 (1994) 518 [hep-th/9409076].

[2] P. Bowcock, E. Corrigan and C. Zambon, Classically integrable field theories with defects, Int.

J. Mod. Phys. A 19S2 (2004) 82 [hep-th/0305022].

[3] P. Bowcock, E. Corrigan and C. Zambon, Affine Toda field theories with defects, JHEP 01

(2004) 056 [hep-th/0401020].

[4] E. Corrigan and C. Zambon, Aspects of sine-Gordon solitons, defects and gates, J. Phys. A

37 (2004) L471 [hep-th/0407199].

[5] J.F. Gomes, L.H. Ymai and A.H. Zimerman, The super mKdV and sinh-Gordon hierarchy:

solitons and Backlund defects, J. Phys. A 39 (2006) 7471 [hep-th/0601014].

– 15 –

http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB432%2C518
http://arxiv.org/abs/hep-th/9409076
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IMPAE%2CA19S2%2C82
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IMPAE%2CA19S2%2C82
http://arxiv.org/abs/hep-th/0305022
http://jhep.sissa.it/stdsearch?paper=01%282004%29056
http://jhep.sissa.it/stdsearch?paper=01%282004%29056
http://arxiv.org/abs/hep-th/0401020
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JPAGB%2CA37%2CL471
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JPAGB%2CA37%2CL471
http://arxiv.org/abs/hep-th/0407199
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JPAGB%2CA39%2C7471
http://arxiv.org/abs/hep-th/0601014


J
H
E
P
0
3
(
2
0
0
8
)
0
0
1

[6] T. Inami and H. Kanno, N = 2 superKdV and supersine-Gordon equations based on Lie

superalgebra A(1, 1)(1), Nucl. Phys. B 359 (1991) 201.

[7] K.-I. Kobayashi and T. Uematsu, N = 2 supersymmetric sine-Gordon theory and

conservation laws, Phys. Lett. B 264 (1991) 107.

[8] H. Aratyn, J.F. Gomes and A.H. Zimerman, Supersymmetry and the KdV equations for

integrable hierarchies with a half-integer gradation, Nucl. Phys. B 676 (2004) 537

[hep-th/0309099].

[9] H. Aratyn, J.F. Gomes, L.H. Ymai and A.H. Zimerman, N = 2 and N = 4 supersymmetric

mKdV and sinh-Gordon hierarchies, hep-th/0409171.

[10] M. Chaichian and P.P. Kulish, On the method of inverse scattering problem and backlund

transformations for supersymmetric equations, Phys. Lett. B 78 (1978) 413.

[11] R.I. Nepomechie, The boundary supersymmetric sine-Gordon model revisited, Phys. Lett. B

509 (2001) 183 [hep-th/0103029].

[12] P. Bowcock, E. Corrigan and C. Zambon, Some aspects of jump-defects in the quantum

sine-Gordon model, JHEP 08 (2005) 023 [hep-th/0506169].

[13] E. Corrigan and C. Zambon, On purely transmitting defects in affine Toda field theory, JHEP

07 (2007) 001 [hep-th/07051066].

[14] G. Falqui, F. Magri and M. Pedroni, Bihamiltonian geometry, Darboux coverings and

linearization of the KP hierarchy, Commun. Math. Phys. 197 (1998) 303.

– 16 –

http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB359%2C201
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB264%2C107
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB676%2C537
http://arxiv.org/abs/hep-th/0309099
http://arxiv.org/abs/hep-th/0409171
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB78%2C413
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB509%2C183
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB509%2C183
http://arxiv.org/abs/hep-th/0103029
http://jhep.sissa.it/stdsearch?paper=08%282005%29023
http://arxiv.org/abs/hep-th/0506169
http://jhep.sissa.it/stdsearch?paper=07%282007%29001
http://jhep.sissa.it/stdsearch?paper=07%282007%29001
http://arxiv.org/abs/hep-th/07051066
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C197%2C303

